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Introduction 

The fixed point theorem referred to in this paper is the one asserting that 
every monotone mapping on a complete lattice L has a least fixed point. The 
proof, due to A. Tarski, of this result, is a simple and most significant example 
of a proof that can be carried out on the base of intuitionistic logic (e.g. in 
topos logic), and that yet is widely regarded as essentially non-constructive. 

The reason for this fact is that Tarski's construction of the fixed point is 
highly impredicative: if / : L — Y L is a monotone map, its least fixed point 
is given by f\ P, with P = {x £ L | f(x) < x}. Impredicativity here is found 
in the fact that the fixed point, call it p, appears in its own construction 
(p belongs to P), and, indirectly, in the fact that the complete lattice L 
(and, as a consequence, the collection P over which the infimum is taken) 
is assumed to form a set, an assumption that seems only reasonable in an 
intuitionistic setting in the presence of strong impredicative principles (cf. 
Section [2] below) . 

Alternative, more constructive, proofs of this result have been proposed, 
probably the two most satisfactory so far being those obtained in intuitionis- 
tic contexts in [HI [20] • These proofs, however, still presuppose the existence 
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of powerobjects (use the powerset axiom), and/or make use of fully impred- 
icative comprehension principles. 

In this paper I present a constructive and predicative version of Tarski's 
fixed point theorem. Working in the context of the constructive set theories 
initiated by John Myhill and Peter Aczel, I formulate a concept of abstract 
inductive definition on a complete lattice, and use it to obtain a generalization 
to complete lattices of Aczel's theory of inductive definitions on a set. Every 
abstract inductive definition gives rise to an inductively defined 'generalized 
element' of the lattice. Using this fact, I first derive a proof of Tarski's 
theorem in a basic system for constructive set theory extended by the full 
Separation scheme. This proof may be regarded as an improvement on the 
mentioned results in [HI [20] • Then, under assumptions on the lattice and 
the monotone map that are always satisfied in fully impredicative (classical 
or intuitionistic) systems, a constructive and predicative proof of Tarski's 
theorem is obtained. 

Before discussing (respectively in sections [3] and |4|) abstract inductive 
definitions and their application to the fixed point theorem, I formulate in 
Section [2] a notion of uniform class, by analogy with the concept of uniform 
object studied in the context of the effective topos. This notion is used proof- 
theoretically to show that in the systems for constructive set theory we work 
with, certain standard partially ordered structures, as complete lattices or 
directed-complete partial orders, must be defined as having a proper class of 
elements. 

1 Constructive set theory 

I shall be working in the setting of Aczel-Myhill's constructive set theories. 
The basic system in this context is the choice-free Constructive Zermelo- 
Fraenkel Set Theory (CZF), due to Aczel. This system is often extended by 
constructively acceptable axioms of choice, as Dependent Choice or the Pre- 
sentation Axiom, and with principle, such as the Regular Extension Axiom, 
that ensure that certain inductively defined classes are sets. I here provide 
the basic information that make the paper self-contained; the reader may 
consult [5] for a thorough introduction to the subject. 

The language of CZF is the same as that of Zermelo-Fraenkel Set Theory, 
ZF, with G as the only non-logical symbol. Beside the rules and axioms of 
a standard calculus for intuitionistic predicate logic with equality, CZF has 
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the following axioms and axiom schemes: 

1. Extensionality: VaV&(Vy(y Ea-^yEb)^a = b). 

2. Pair: VaV&3xVy(y Ex^-y = a\/y = b). 

3. Union: Va3xVy(y £ if} (3z G a)(y G 2)). 

4. Restricted Separation scheme: 

Va3a;Vy(y G x -H- y G a A 4>{yj), 

for a restricted formula. A formula </> is restricted if the quantifiers 
that occur in it are of the form Vx G 6, 3x G c. 

5. Subset Collection scheme: 

Va\/b3c\/u((\/x e a)(3y e b)<p(x,y,u) -> 

(3d G c)((Vx G a)(3y G d)<p(x, y, u) A (Vy G <f)(3x G a)(f>(x, y, it))). 

6. Strong Collection scheme: 

Va((Vx G a)3y(f){x,y) — > 
36((Vx G a)(3y G b)<p(x,y) A (Vy G 6)(3x G a)<j){x,y))). 

7. Infinity: 3a(3x G a A (Vx G a)(3y G a)x G y). 

8. Set Induction scheme: Va((Vx G a)(f)(x) — > 0(a)) — >■ Va^(a). 

We shall denote by CZF~ the system obtained from CZF by leaving out 
the Subset Collection scheme. Note that from Subset Collection one proves 
that the class of functions b a from a set a to a set b is a set, i.e., Myhill's 
Exponentiation Axiom. 

Friedman's Intuitionistic Zermelo-Fraenkel set theory based on collection, 
IZF, has the same theorems as CZF extended by the unrestricted Separation 
Scheme and the Powerset Axiom. Moreover, the theory obtained from CZF, 
or from IZF, by adding the Law of Excluded Middle has the same theorems 
as ZF. 

As in classical set theory, one makes use in this context of class notation 
and terminology [5]. A major role in constructive set theory is played by 
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inductive definitions. An inductive definition is any class $ of pairs. A class 
A is $ — closed if: 

(a, X) G $, and X C A implies a G A. 
The following theorem is called the class inductive definition theorem [5]. 

Theorem 1.1 (CZF~) Given any class $ ; there exists a least $— closed 
class the class inductively defined by 

An inductive definition on a set is an inductive definition $ that is a subclass 
of the cartesian product Sx Pow(S'), for S a set (Pow(S') is the class of subsets 
of S). 

Even when $ is a set, need not be a set in CZF. For this reason, 
CZF is often extended with the Regular Extension Axiom, REA. 

REA: every set is the subset of a regular set. 

A set c is regular if it is transitive, inhabited, and for any u G c and any set 
R C u x c, if (Vx G u)(3y)(x, y) G -R, then there is a set f G c such that 

(Wx G u)(3y G y) e R) A (Vy G i>)(3a; G u)((x, y) e R). (1) 

c is said to be weakly regular if in the above definition of regularity the second 
conjunct in ([T]) is omitted. The weak regular extension axiom, wREA, is the 
statement that every set is the subset of a weakly regular set. 
In CZF + wREA, the following theorem can be proved. 

Theorem 1.2 (CZF + wREA) If $ is a set, then /($) is a set. 

The foregoing result holds in more generality for inductive definitions that 
are bounded (see |5j). A strengthening of REA that is sometimes considered, 
and that will be exploited in this paper, is the axiom uREA jl]: 

uREA: every set is the subset of a union-closed regular set. 

A regular set A is union-closed if whenever a G A then also |J a G A. 

Sometimes one considers extensions of CZF by constructively acceptable 
choice principles, such as the principle of Countable Choice AC W , Dependent 
Choice DC, the Presentation Axiom, or the principle of Relativized Depen- 
dent Choice RDC. See [5] for their description. Note that PA implies DC 
which in turn implies AC^. 
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2 The uniform objects in constructive set the- 
ory 

The notion of uniform object was introduced in connection with the effective 
topos (cf. [121 HE])- In the context of (constructive) set theory, we shall say 
that a class A is uniform if, for every set a, and every formula 4>(x,y), 

(Vx G A)(3y G a)<f)(x,y) ->■ (3y G a)(Vx G A)<p(x,y). 

We shall abbreviate this schema as C7 0(A). Note that if A is a uniform object, 
and / : A — > a, with a any set, is a function, then / must be constant. 

Every singleton set (terminal object) is uniform. If a set is not a singleton, 
it is not uniform, as follows logically by the definition of uniformity: define a 
set c trivial if it is a singleton, i.e. if (3x G c)(Vy G c)(x = y); c is non-trivial 
if it is not trivial. Note that the empty set is non-trivial. 

Proposition 2.1 Every uniform set is trivial. 

Proof. Assume A is a uniform class, and that there is a set c with c = A. 
Then, by the scheme UO(A), for <p(x,y) = x — y, and a = c, one gets 
(3x G c)(Wy G c)(x — y). 

This proposition holds (in particular) for CZF and every consistent ex- 
tension of it. In fact, CZF, as well as any extension of CZF compatible with 
the law of excluded middle LEM, cannot prove that a non-trivial class A 
is uniform: assume LEM, and let A be any non-trivial class. Then, either 
A = 0, which is non-uniform, or A has at least two elements a, b. In the 
latter case, one may define a non-constant function from A to {0, 1}, sending 
a to 0, and every element of A different from a to 1. 

However, in extensions of CZF that are not consistent with LEM, one 
does find non-trivial uniform classes (as shown, even in these extensions, one 
will not find non-trivial uniform sets). Recall that CZF is consistent with 
the conjunction of the following two non-classical principles. 

Troelstra's uniformity principle, UP: for every <p, 

{\/x){3y G N)(f>(x,y) (3y G N)(Vx)0(x, y). 
Every set is subcountable, SC: 
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(Vx)(3f7 e Pow(N))(3/)/ :U^x. 



Using these two principles one finds a first interesting uniform class. 

Proposition 2.2 (CZF+UP+SC) TTie universal class V = {x \ x = x} 
is uniform, i.e., UO(V). 

Uniformity of the universal class can also be regarded as a principle in it- 
self, the generalized uniformity principle (GUP). In P |9] we exploited this 
general form of the uniformity principle for proving the independence from 
constructive set theory of various (classically and) intuitionistically valid re- 
sults. 

Models of CZF (and of several of its extensions, including the system CZF 
+ Sep + REA + PA), that also validate the conjunction of UP and SC, have 
been exhibited by various authors [5J dSl EH CEO EES]- In the following, CZF" 
denotes any possible extension of CZF that is simultaneously consistent with 
SC and UP, and so with GUP. 

As for the uniform objects in the effective topos (cf. [IB]), we have: 

Lemma 2.3 If X is uniform, and f : X -»Y is an onto mapping, then Y 
is uniform (and therefore a proper class if non-trivial) . 

Proof. Easy calculations. 

Using this lemma, we may find new interesting uniform classes. 

Corollary 2.4 CZF + UP + SC proves that for every set X , Pow(X) is 
uniform. The same system plus Sep (full Separation) proves that Pow(X) is 
uniform for every class X . 

Proof. The map / : V — > Povj(X), f(y) = y fl X is onto. If X is a class, by 
Sep one gets that y fl X is a set and is therefore in Pow(X). 

One might be tempted to think that uniformity of an object is connected 
with its size, and that in particular, if an injection X <^-> Y of a uniform 
object X into Y exists, then Y is uniform. This is not so, as one may realize 
considering the class Pow({0}) U {*}, with * an element not belonging to 
Pow({0}): clearly a non-constant function can be defined on this class. 
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A partially ordered class, or poclass, (X, <) is a class X together with a 
class-relation < that is reflexive, transitive, and antisymmetric. X is flat if 
(Vx, y G X)(x < y — > x = y). 

A partially ordered class (X, <) is a (large) \J -semilattice if every subset 
has a supremum; (X, <) is a (large) f\- semilattice if it has infima of arbi- 
trary subsets (note: a large \/-semilattice need not be a /\-semilattice, nor 
conversely). A poclass is directed complete, or a (large) dcpo, if it has joins of 
directed subsets (a subset U of a poclass X is directed if it is inhabited, and 
whenever x,y G U there is z G U with x,y < z). A poclass is conditionally 
complete, or a (large) bcpo if every inhabited and bounded subset has a join. 
Finally, a partially ordered class is chain-complete, or a (large) ccpo, if every 
chain (i.e., totally ordered subset) has a join. 

Our main application of the concept of uniform class is that, whenever 
non-flat, these structures cannot be carried by sets in CZF". Note that for 
\/-semilattices, /\-semilattices and chain-complete poclasses, to be non-flat it 
suffices to be non-trivial, as these structures always posses a bottom, or top, 
element. Part of the following result is proved in [H]; the proof to be presented 
gives in particular a more uniform explanation of the results obtained there. 

Theorem 2.5 The following partially ordered structures are carried by proper 
classes in CZF + SC + UP, and thus cannot be proved to be carried by sets 
in CZF, and its extensions CZ0: 

1. Non-trivial \J -semilattices and /\-semilattices. 

2. Non-flat dcpo 's; in particular, non-trivial dcpo 's with a top or a bottom 
element. 

3. Non-flat bcpo 's; in particular, non-trivial bcpo 's with a top or a bottom 
element. 

4- Non-trivial chain- complete partially ordered classes. 

Proof. 1. The result for \/-semilattices is proved in [9]. Note also that a \/- 
semilattice is a chain-complete partially ordered class, and, when non-trivial, 
a non-flat dcpo and bcpo. The result holds dually for /\-semilattices. 

2. Let D be a non-flat dcpo, and let b < a, for a,b G D. Assume D is a 
set. Then, by Restricted Separation, the class 

U a>b {y) = {x G D | x = a & G y} U {b} 
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is a set, and is directed, for every y G V. One may therefore consider the 
class 

K a , b = {U a M \yeV}. 

Trivially, K a h is a uniform object, as the map sending y G V to U a: b(y), is 
onto. Then, again by the assumption that D is a set, \f : K a ^ — > D has to 
be constant. Therefore a = b (first take y = 0, then ?/ = {0}), and this for 
every b < a, against non-flatness. 

3. The claim is proved as for the previous case, since U a ^{y) is also 
bounded. 

4. Let C be non-trivial and chain-complete. C has bottom J_ = \J 0. 
Assume C is a set. Considering, for z G C, the uniform class of chains 

K z = {W z (y) | y G V}, 

with 

W z (y) = {x EC \x = z & ey} 

one may easily conclude. Alternatively, one could observe that U a ^{y) is a 
chain for every a, &, and that a non-trivial ccpo is non-flat. 

Note that N with the flat order = is a dcpo and a bcpo (so that, requiring 
in [21 [31 the weaker condition that the dcpo's, bcpo's are non-empty (or even 
inhabited) and non-trivial is not enough), and that N with the same order 
and a bottom (or a top) element added is not a dcpo constructively. 

Remark 2.6 Assuming also Sep, we may improve on 1. We may show 
indeed that any \/-semilattice (or /\-semilattice) L is actually a uniform 
object: \J : Pow(L) — > L is onto, so that, by Lemma [2.31 and Corollary 12 A\ 
L is uniform. Similarly for /\-semilattices. The same holds without Sep 
for so-called set-generated \/-semilattices (see the next section): if B is a 
generating set for L, the map \J : Pow(B) — > L is again onto. 

By this result, various types of partially ordered structures that in par- 
ticular are structures of the kinds contemplated by Theorem I2.5[ fail to be 
carried by sets in CZF, and in every extension CZF": these include various 
types of domains considered in the denotational semantics of programming 
languages, frames (locales), preframes, continuous lattices (appropriately re- 
defined), etc. 
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A further important discrepancy with the situation in fully impredicative, 
classical or intuitionistic, systems concerns the size of hom-objects in cate- 
gories of these structures. The following corollary extends to dcpo's with _L, 
often called domains or cpo's, a corresponding fact proved for \/-semilattices 
and pre-frames in |10j . 

Corollary 2.7 In the category Dora of domains, no non-trivial Hom(X, Y) 
can be proved to be set-indexed in CZ0. 

Proof. This result is essentially proved showing that, ordered 'pointwise', 
Hom(X, Y) is itself a domain. A difficulty is that, in general, an homomor- 
phism in Hom(X,Y) is itself a proper class, so that Theorem 12.51 cannot be 
directly applied. One may deal with this difficulty as is done in jTU] for the 
case of V-semilattices and pre-frames. 

Fortunately, a similar corollary does not obtain for frames: there are full 
subcategories of the categories of frames that are locally small. This fact 
allows for constructive predicative proofs of important theorems in topology 

ping. 

In topos theory, and sometimes in constructive mathematics, one consid- 
ers the MacNeille reals R m (also called extended reals by Troelstra), see e.g. 
[T3j . R m is a conditionally complete class, and, in a topos, or in IZF, is a set. 

Corollary 2.8 R m , as any order- complete extension X of Q, cannot be 
proved to form a set in CZF, and in every extensions CZF^. 

Remark 2.9 As remarked in !2.6t \/-semilattices and /\-semilattices are uni- 
form objects (in CZF+Sep+UP+SC). This is more generally the case for 
every structure (A, f, ...), with at least one mapping / : Pow(A) — > A that is 
onto. By contrast, dcpo's, bcpo's may not be uniform, even when they are 
non-flat: 

Fact. The class (Pow({0}) U {*},<), where < is defined extending the 
inclusion relation on Pow({0}) by letting * < *, is a non-flat dcpo and bcpo. 

As noted previously, CZF proves that Pow({0}) U {*} is not uniform. This 
also implies that, by contrast with e.g. powerclasses, the class of directed 
sets of a poclass may not be uniform (as, otherwise, Pow({0}) U {*} would 
be uniform, being the join of directed sets an onto map). 
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3 Abstract inductive definitions 



In this and the next section abstract inductive definitions are introduced 
and used to extend the theory of inductive definitions on a set described in 
[2 El [5] (see also Section CQ to V _seirma ttices. I n this section we shall be 
working in CZF - . 

By Theorem 12. 5[ in constructive set theory it is of no use to consider \J- 
semilattices carried by sets. The standard counterpart of the classical notion 
of \/-semilattice is in this context given by the concept of set-generated \J- 
semilattice [5] . A (large) \/-semilattice L is said to be set-generated if it has 
a generating set B, i.e. a subset B of L such that, for all x G L, 

i. l B x = {b G B | b < x} is a set, 

a. x = V i B x. 

The powerclass Pow(X) of a set X, ordered by inclusion, is a prototypical 
example of a set-generated V" serrma ttice, with generating set B = {{x} : 
x G X}. Note that a set-generated V _semna ttice is also a complete lattice. 

Let L be a set-generated V" semna ^ice L with generating set B. An 
abstract inductive definition on L (in the following often just an inductive 
definition) is any class of ordered pairs $ C B x L. 

To define what it means for a subclass of the generating set B to be 
$— closed we need the following notion. A subclass Y C B will be called 
c^-closed if, for every subset U of Y, the set l B \/ U is contained in Y; i.e., 
Y is enclosed if 

u i B yu=Y 

t/ePow(Y) 

A enclosed class can be thought of as denoting a generalized element of 10. 
Note that if Y is a set, Y is enclosed iff Y = i B V Y. 

A class Y C B will be said $— closed if it is c^-closed and, whenever 

(M e 

| B 8 cy 6gF. 

We shall denote by X(4>) the least closed class, if it exists. 

1 Whcn L is a complete Heyting algebra, such generalized elements also arise as gen- 
eralized truth values in (predicatively defined) cHa-models for constructive set theory, cf. 

EH]. 
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Given an abstract inductive definition $ on L, and an element a in L, 
the class 

{be B \ (3a') (b, a) G $ & a' < a} 

may not be a set in general. If for, every o G L, this class is a set we say 
that $ is /oca/. A local abstract inductive definition <£> determines a mapping 
r$ : L — > L, given by, for a G L, 

r*(a) = G 5 | (3a') (6, a') G $ & a' < a}. 

Note that if ai < a 2 , then r$(ai) < T$(a2), i.e. T$ is monotone. 

Any monotone operator on L can in fact be obtained in this way from a 
local abstract inductive definition. 

Proposition 3.1 Let T : L — >■ L be a monotone operator on L. Then, 
there is a local abstract inductive definition $r such that, for every a G L, 

r(o) = r$ r (a). 

Proof. Define $ r C B x L by 

(6, a) G $ r & < T(a). 

$r is local as, for a G L, {6 G £ | (3a') (6, a') G $ r & a' < a} = {b G B \ 
(3a') < T(a') & a' < a}. By monotonicity of T, this class is the same as 
{b £ B | b < T(a)}, that is a set by the assumption that L is set generated. 
The join of this set therefore exists, and again as B is a set of generators, is 
equal to T(a). 

We presented the above simple proof in detail with the purpose of em- 
phasizing the role of the assumption that L is set-generated. The following 
proposition explains the relationship between <E>— closed sets of a local induc- 
tive definition, and (pre-) fixed points of the associated monotone operator. 

Proposition 3.2 Given a local inductive definition $ on a \J -semilattice 
L with generating set B, a one-to-one correspondence exists between the 
$— closed subclasses of B that are sets, and the elements a of L such that 
T$(a) < a. Moreover, whenever the class X($) exists and is a set, T$ has a 
least fixed point. 
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Proof. Assume Y C B is $— closed and that it is a set. Then, \/Y exists 
in L and we have: 

T^yY) = \J{be B | (3a) (b,a) G $ & a < \/Y}. 

To conclude that r,j,(\/Y) <\JY, let b E B be such that there is a G L 
with (6, a) G $ and a < \JY. To show that 6 < \/ Y it suffices to prove 
that 4 B a C Y, since Y is $— closed. But this follows, by a < \/Y, from 
the assumption that Y is a set and that it is enclosed (take U = Y in the 
definition of CL-closed). 

Conversely, to a G L such that T$(a) < a, we associate the c^-closed 
class l B a. As L is set-generated, .J/ 8 a is a set; using the assumption that 
r$(a) < a, one immediately sees that J/ 8 a is also $-closed. 

Finally, one has Y = l B \/Y, as Y is c^-closed, and a = \f l B a, since L 
is set-generated. 

Now assume X($) is a set. As X($) is $— closed, by what has just 
been shown, r$(\/X($)) < \/X($). To prove the converse, note that by 
monotonicity of r 4 , r*(r*(VZ($))) < r$(\/X($)). Then, i B r $ (VX($)) 
is $— closed, by the first part of this proposition. Then, as X($) is the least 
^-closed class, X($) C | B r$(\/X(<l>)), so that V x ( $ ) < r *(V x ( $ ))- Thus 
\/X($) is a fixed point for If a G L is another fixed point, then in par- 
ticular r$(a) < a. Therefore l B a is $— closed, and X($) C | B a, which gives 
VX($) < a. 

4 Tarski's fixed point theorem 

Recall by the preliminaries that, by results in |2J IS], f° r an Y (standard) induc- 
tive definition $ C X x Pow(X), for X any set, the least $— closed class 
exists in the system CZF~. In this section we prove that more generally the 
least (c^-closed and) $— closed class X($) exists for every abstract inductive 
definition $ on a set-generated \/-semilattice L. 

As a corollary of this result we shall have that CZF~ extended by the 
full Separation scheme proves Tarski's fixed point theorem. This improves 
on previous intuitionistic proofs of the theorem, as those in [14] or [20J. 

Albeit 'more constructive' than those proofs^), this result can hardly be 

2 Note that this result will already tell us that we will not be able to refute Tarski's 
fixed point theorem using the consistency of constructive set theory with the principles 
(G)UP and SC. 



12 



considered satisfactory. For the case of monotone operators on \/-semilattices 
of the form Pow(X) for X a set, it directly follows by the results in [21 [21 IS] 
that a restricted version of Tarski's theorem obtains (in fact a version of 
Knaster's theorem): if a monotone operator T : Pow(X) — > Pow(X) may 
be obtained as T$ by a bounded inductive definition $ (in particular by an 
inductive definition $ that is a set), then the system CZF + REA proves 
that a least fixed point exists, as it proves that /($) is a set in this case. 

Here we show that, in CZF extended by the axiom uREA, a bounded 
abstract inductive definition on a set-generated \/-semilattice L gives rise 
to a least closed class X($) that is a set, whenever L satisfies the extra 
standard condition of being set-presented. In a sense there is no restriction 
here: in (I)ZF say, every abstract inductive definition is a set (and is therefore 
bounded), and every complete lattice is set-presented. 

We now prove that for every abstract inductive definition $ on L the 
least (enclosed and) $— closed class X($) exists. The classical proof would 
construct X($) iterating a monotone operator associated with $ along the 
class of ordinals. For the case of monotone operators on point-classes, Aczel 
[2] showed that one can replace the class of ordinals with the class of all sets 
(applications of transfinite induction are then replaced by applications of Set 
Induction). Here we follow the same approach. 

The proof that the least $— closed class X($) exists is a generalization 
of the proof in [21 IS] that the least $— closed class exists for every standard 
inductive definition $ C X x Pow(A), for X a set. Due to the 'pointless' 
nature of \/-semilattices some difficulties however arise; the generalization 
in particular will require extra applications of the Strong Collection scheme. 
To make visible what is involved in the generalization, we shall follow the 
terminology and notation of [21 E] as far as possible; we shall however use 
suggestively Greek letters for sets playing the role of ordinals. 

Let B be a generating set for L and $ an inductive definition on L. Given 
a class of ordered pairs Y C V x B, let, for a any set in the universal class 
V: 

Y« = {yeB\{a,y)eY}; 
Y ea = {yeB\3(3ea (/3,y) G Y} 
Y°° = {y E B | 3a G V (a, y) G Y} 



— U/3e Q Y i 
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We shall need to consider an extension of the operator To this aim, 
we define an operator on subclasses of B which has the properties of a closure 
operator. For Y a subclass of B, let 

c L Y = {beB\{3U ePow{B))UCY Lbei B \Ju}= [J i B \Ju 

C/ePow(Y) 

(cf. the extension J of a j— operator on a set-generated frame in [H]). Note 
that in the case of standard inductive definitions this operator has no role, 
as it reduces to identity. 

The following proposition gathers together properties of cl that we shall 
need in the following. Its proof is a simple exercise (due to the fact it is about 
classes, rather than just sets, in some cases Strong Collection is needed, cf. 
also HI]). 

Proposition 4.1 Let X,Y,Xi, for i in a set I, be subclasses of B. Then 

1. Y is CL-closed iffY = ClY ; 

2. if Y is a set, c L Y = i B \jY; 

3. X CY implies c L X C c L Y; 
4-YC c L Y; 

5. clClY = cjX , so that c^Y is c^-closed; 

6. X C clY implies clX C ClY; 
7- c L |J ig/ Xi = c L |J. g/ c L Xi. 

For YOB, define 

f *(y) = c L {b G B I (3a) (b, o)6$&faC Y}. 

r$ is clearly a monotone operator on classes. 

We now construct the class that will give us the iterations we need. The 
following lemma and theorem are generalizations of the corresponding re- 
sults for standard (non-abstract) inductive definitions (cf. Lemma 5.2 and 
Theorem 5.1 of [5]). Some extra work is needed to deal with the 'pointless' 
character of \/-semilattices. 

Let $ be an abstract inductive definition on a \/-semilattice L set-generated 
by a set B. 
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Lemma 4.2 A class JCVx5 of ordered pairs exists such that, for every 
set a G V, 

c L r = r$(c L j ea ). 

Proof. A set G C V x B will be called good (or an approximation to J) if, 
for any set a, 

G a C f^(c L G ea ). 

Define then 

J = |J{G|Ggood}. 

To prove c L J a C f <I ,(c L J eQ ), it is enough to show that J a C f$(c L J ea ), 
since r$(Y) is enclosed for every Y. So let 6 G J Q . Then a good set G exists 
such that b G T^(c L G ea ). Since G e ° C J ea , also c L G Ga C c L J e °, whence, 
by monotonicity of b G f $(c£ J ea ). 

To prove the converse, let y G r$(ciJ ea ). There is then a set U G Pow(£>) 
with 

UC{beB | (3a) (o, a)G$&| B aC c L J ea }, and y < \/ £/. 

We shall prove that [/ C J", so that y G ClJ q . For b e U there is a pair 
(b, a) G $ such that | B a C c_l J e °. The last inclusion can be rewritten as 

(Vy' G | B a) G Pow(J e °)) y' < V W. 

By Strong Collection, a set K of subsets of J ea then exists such that 
(Vy' G | B a) G K) y' < \J W. 

Then, 

(Vy' G | B a) y' < V U K , and U K Q jea - 
The latter expression can be reformulated as 

(Vd e \J K)(3x e a) d e J x , i.e., 
(We \JK)(3Ge J) deG ea . 

By Strong Collection again, we then get a set Z of good sets such that 

{We \JK){3Ge Z) de G ea . 
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Thus, \JK C (\jZ) ea . Let then 

G = {(a,b)}u\JZ. 

As [J Z is a union of good sets, it is a good set too. Moreover, l B a C 
c L G ea , indeed as seen (Vt/ G \. B a) y' < \/{jK, and [j K C (U^) e ° C G £Q . 
Therefore, 6 G F^c^G 6 "). Thus, G is a good set. 

Now, since {(a, o)} G G, we have 6 G J a . As this is true for every b G U, 
and y < V U, we get y G J a , as wished. 

Theorem 4.3 Let $ 6e an abstract inductive definition on a \J -semilattice 
L set-generated by a set B. Then, the smallest $— closed class X($) exists. 

Proof. Our goal is to prove that the class 

c L J°° = c L [j r 

<*ev 

is the least $— closed class. Let (6, a) G $, and \. B a C c^J 00 . Then, given 
y G J, B a there is a set U such that 

[/ G Pow( J°°) ky<\jU. 

So, 

(V* G Z7)(3/3)« G J^. 
By Collection, a set a exists such that 

(V* G t/)(3/3 G a)z G J' 3 . 
Thus, [/ C J ea , so that y G clJ £01 - So we have shown 

Applying again the Collection scheme, we then get a set K such that 

(Vy G | B a)(3a G X)y G c L J ea . 

Since a E K implies a C [Jif, using Proposition 14.11 we conclude \. B a C 
c L J e U^. By definition of f$, then 6 G f $(c L J e ^ K ). By Lemma EM 



16 



T^{c L J^ K ) = c L jV K , so that, as J ux C J°°, we conclude that c L J°° 
is closed. 

It remains to show that clJ°° is the least $— closed class. Let I be 
a $— closed class, I C B. It is enough to prove that J a C / for every 
set a, since then, as / is assumed c^-closed, by Proposition 14.11 one has 
cl LLev J a = c lJ°° ^= I- We prove by Set Induction that, for every set a, 
J a C /: let a be a set. The inductive hypothesis gives (V/? £ a)/ C /, i.e 
je« q j gy p r0 p OS ition I4.1[ then Cl J e " C cr,I = /. By monotonicity of 
f*, F$(c L ./ ea: ) C f*(I) = J, whence, by Lemma J a C c L J a C /. 

It may be worth noting that, so far, we made no use of Exponentiation 
(let alone of the Subset Collection scheme), so that the above results in fact 
hold in CZF-. 

Corollary 4.4 (Tarski's fixed point theorem in CZF _ + Sep) The sys- 
tem CZF~ augmented with the Separation Scheme proves that every mono- 
tone operator T on a set-generated \j -semilattice L has a least fixed point. 

Proof. Let $r be the inductive definition on L associated with T (see Section 
|3]). By the previous theorem, the least $ r — closed class X($ r ) C B exists. 
Since B is a set, by Separation X($ r ) is a set too. Then, by Propositions 13. II 
and 13.21 \/I($ r ) is the least fixed point of V. 

An elegant proof of Tarski's fixed point theorem making use of Separation, 
but no direct use of powerobjects is also presented in [TJ]. However, that 
proof appears to rely essentially on the assumption that L is small, a re- 
quirement that by Theorem 12.51 is hardly met in systems without powersets. 

To obtain a predicative version of the above corollary, we generalize the 
concept of bounded inductive definition from [3] to abstract inductive defi- 
nitions. A bound for an abstract inductive definition $ is a set a such that, 
whenever (b, a) G $ there is x G a such that the set \. B a is an image of x. 
An abstract inductive definition $ is bounded if 

1. {b G B | (6, a) G $} is a set for every a G L. 

2. $ has a bound. 

Note that any abstract inductive definition that is a set is bounded. The 
following proposition generalizes the corresponding results for inductive def- 
inition on a set. Its proof is the obvious modification of the proof of [51 
Proposition 5.6]. Exponentiation is used here for the first time in this paper. 
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Proposition 4.5 Every bounded abstract inductive definition is local. 

Almost as obvious is the following generalization of [5J Proposition 5.3], prov- 
able in CZF". 

Proposition 4.6 If & is a local abstract inductive definition, clJ" and CLJ ea 
are sets for every a. 

Proof. We use induction on sets. Given a G V, assume that for every j3 G a, 
is a set. Since, by Proposition 14. 14 

c L J ea = c L \JP = c L [j c l JP, 

fi£a j3€a 

and since U/3e« * s a se ^' c lJ Gc " is a set, too. Moreover, since for Y C B 
a set, 

r $ (y) = |%(Vy), 

r$(y) is a set for every set Y, as $ is local and L is set-generated. By 
Lemma W72\ c^J a = r$(ciJ ea ), so that c^J a is a set too. We can therefore 
conclude, by Set Induction, that for every a G V, c^J", and so CiJ ea , are 
sets. 

In the case of a standard inductive definition $, one proves that if the 
inductive definition is bounded by a (weakly) regular bound, then CZF proves 
that 7($) is a set [5]. As a consequence, the system CZF + wREA proves 
that 7($) is a set whenever $ is bounded. While the first fact does not seem 
to carry over to the present context, we have the following result. 

Recall that a \/-semilattice L set-generated by a set B is said to be set- 
presented [5] if a mapping D : B — > Pow(Pow(5)) is given with the property 
that b<\/U (3W G D{b))W C 17, for every be B,U E Pow(S). 

Theorem 4.7 (CZF + uREA) Let & be a bounded abstract inductive defi- 
nition on a set-presented \j -semilattice L. Then, the smallest $— closed class 
X($) is a set. 

Proof. Let a be a bound for <3>, and let 

S = aU {V : (36 G B)V G D(b)} = a U [j Range(D). 
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By Replacement (that is a consequence of Strong Collection) and Union, S 
is a set. Then, by uREA, there is a set a' that is regular and (J —closed, 
such that S C. a'. 
We claim that 

X($) = c L J°° = c L J ea \ 

the latter class being a set by Propositions 14.51 14.61 

Since J ea C J°°, c^J 6a C clJ°° . So it remains to prove the converse, 
for which it suffices to show that ciJ ea is $— closed. 

For (6, a) G $, assume \. B a C dJ ea ' ■ Since a is a bound for $ there is a set 
Zg« and an onto mapping / : Z -» | B a. So: 

(V* G G c L J ea ', 

i.e., 

(Vz G Z)(3C/ G Pow(J eQ '))/(z) < V^- 

Since L is set-presented, for every z G Z, there is G D(f(z)) such that 
W G Pow(J eo ') and /(z) <\JW. Therefore, 

(Vd G VF)d G J ea ', 

i.e., 

(Vd G WO (3/3 G a')d G J' 3 , 
which implies 

(Vd G W) (3/3 G a')d G 

(note that clJ 13 is a set by Proposition I4.6[ while J 13 need not be). Now 
since, by construction, W G a', and a' regular, there is a set 7 G a' such 
that 

(VdGW r )(3^G 7 )dGc L J /3 . 

Thus, W C U / 3e 7 c £' //3 ' so that /(*) G clU^^clJ' 3 . By Proposition SZQ 
cl U/3g 7 c lJ P = c L |J /3g7 J' 3 = c L J ei . Thus, we have shown 

(yzeZ)(3 1 ea')f(z)ec L J^. 

Since Z G a C a', and a' regular, there is 5 G a' such that 
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(VzeZ)(3 1 e5)f(z)ec L J^. 

Thus, l B aC{J ieS c L J^. 

Now since a' union-closed, \J8 G a'. Also, since J e7 C J 6 U< 5 f or every 
7 G 5, also U 7G 5 c i je7 £ c L J £ U<5. it follows that i B a C c L J e U-5 ; so that, 
by Lemma S21 6 G c^jU" 5 . Finally, as [J 5 G a', c L JU 5 C c L J ea ' . Therefore 
cl J ea is $— closed, as was to be proved. 

As a corollary we get the constructive Tarski 's fixed point theorem. Note 
that in classical set theory, or in a topos, every complete lattice is set- 
presented, and every monotone operator is obtained by a bounded abstract 
inductive definition (since in such a context any abstract inductive definition 
is a set). 

Corollary 4.8 (CZF + uREA) Let T : L — )■ L be a monotone operator 
on a set-presented \J -semilattice L. If V — T$ for $ be a bounded abstract 
inductive definition on L, then V has a least fixed point. 

5 Conclusion 

A version of Tarski's fixed point theorem for directed complete partial orders 
has been proved in recent years by Dito Pataraia. As for Tarski's proof, 
Pataraia's result uses topos valid but impredicative methods. Recall also that 
Tarski's theorem in its more general form states that a monotone map on a 
complete lattice has a complete lattice of fixed points, so that in particular 
it has a greatest fixed point. Constructive versions of these results along the 
lines of this work will be the subject of future investigation. This will also 
concern the possibility of applying constructive fixed-point theorems to the 
problem, raised in jTJ (see also [7]), of obtaining predicative constructions of 
Frege structures. 

References 

[1] P. Aczel, "Frege structures and the notions of proposition, truth 
and set". The Kleene Symposium (Proc. Sympos., Univ. Wisconsin, 
Madison, Wis., 1978), pp. 3159, Stud. Logic Foundations Math., 
101, North-Holland, Amsterdam-New York, 1980. 



20 



[2] P. Aczel, "The type theoretic interpretation of constructive set the- 
ory: choice principles". In A. S. Troelstra and D. van Dalen, editors, 
The L. E. J. Brouwer Centenary Symposium, pp. 1 - 40. North- 
Holland, 1982. 

[3] P. Aczel, "The type theoretic interpretation of constructive set the- 
ory: inductive definitions". In Logic, Methodology, and Philosophy 
of Science VII, R. B. Marcus et al. eds. North Holland, 1986, pp. 
17-49. 

[4] P. Aczel, "Aspects of general topology in constructive set theory", 
Ann. Pure Appl. Logic, 137, 1-3 (2006), pp. 3-29. 

[5] P. Aczel, M. Rathjen "Notes on Constructive Set Theory", Mittag- 
Leffler Technical Report No. 40, 2000/2001. 

[6] B. van den Berg and I. Moerdijk, "Aspects of predicative algebraic 
set theory II: realizability" , Theor. Comp. Science, 412, 20 (2011), 
pp. 1916-1940. 

[7] T. Coquand, "A Topos Theoretic Fix Point Theorem". Unpublished 
note, June 1995. 

[8] G. Curi, "On some peculiar aspects of the constructive theory of 
point-free spaces". Math. Log. Q., 56, 4 (2010), pp. 375 - 387. 

[9] G. Curi, "On the existence of Stone-Cech compactification" , J. Sym- 
bolic Logic, 75, 4 (2010), pp. 1137-1146. 

[10] G. Curi, "Topological inductive definitions". Kurt Godel Research 
Prize Fellowships 2010. Ann. Pure Appl. Logic, 163, 11 (2012), pp. 
14711483. 

[11] N. Gambino, "Heyting- valued interpretations for Constructive Set 
Theory", Ann. Pure Appl. Logic 137, 1-3 (2006), pp. 164-188. 

[12] J. M. E. Hyland, "The Effective Topos". In A.S. Troelstra and D. 
van Dalen (editors). The L. E. J. Brouwer Centenary Symposium, 
North-Holland 1982, pp. 165-216. 



21 



[13] P. T. Johnstone, Sketches of an elephant. A topos theory com- 
pendium. II. Oxford Logic Guides 44; Oxford Science Publications. 
Oxford: Clarendon Press, 2002. 

[14] A. Joyal, I. Moerdijk, Algebraic set theory. London Mathematical 
Society Lecture Note Series, 220. Cambridge University Press, Cam- 
bridge, 1995. 

[15] R.S. Lubarsky, "CZF and Second Order Arithmetic", Ann. Pure 
Appl. Logic, 141, 1-2 (2006), pp. 29-34. 

[16] M. Rathjen, "The strength of some Martin-L6f type theories". Arch. 
Math. Logic 33 (1994), 347-385. 

[17] M. Rathjen, "Realizability for constructive Zermelo-Fraenkel set the- 
ory". In: J. Vaananen, V. Stoltenberg-Hansen (eds.): Logic Collo- 
quium 2003. Lecture Notes in Logic 24 (A.K. Peters, 2006) 282-314. 

[18] G. Rosolini, 'About modest sets", Int. J. Found. Comp. 1 (1990), 
pp. 341-353. 

[19] T. Streicher, "Realizability models for CZF+ -i Pow" , unpublished 
note. 

[20] P. Taylor, "Intuitionistic sets and ordinals". J. Symbolic Logic 61 
(1996), no. 3, 705744. 



22 



